Abstract
functions of the distribution, such as the moments of the distribution, allows for the estimation of parameters (i.e. parameter recovery). This method assures compatibility between the characteristics of the observed population used in parameter recovery and those obtained through simulation. · Conclusions The system of equations was built in such a way that the observed well-established biological processes between stand variables is maintained, and the equations were simultaneously fitted to minimise the determinant of the covariance matrix of errors. Based on validation with an independent data set, the model provides precise estimates of total stand volume.
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Introduction
Research on the development of growth and yield models has included the use of probability density functions to model diameter distributions, such as the log-normal, gamma, beta, Johnson's S B and Weibull functions (Aranda 2004; Bailey and Dell 1973; Hafley and Buford 1985; Fonseca et al. 2009; Hafley and Schreuder 1977; Kamziah et al. 1999; Kiviste et al. 2003; Li et al. 2002; Maltamo et al. 1995; Palahi et al. 2007; Parresol 2003; Rennolls and Wang 2005; Zhang et al. 2003; Zhou and McTague 1996) . More recently, (Palahi et al. 2007 ) compared the fit of the beta, Johnson's S B , Weibull and truncated Weibull functions to diameter distributions of forest stands in Catalonia. These distribution functions were fit to the observed diameter distributions of the number of stems and the stand basal area based on truncated data from the National Forestry Inventory, with the diameter threshold equal to 7.5 cm. In all cases, the truncated Weibull function for the diameter distribution of the stand basal area appeared to be the most accurate and consistent function. The beta and Johnson's S B were the second best and nearly equally good.
The simulation of diameter distributions is also essential to initialise individual tree models (Ek and Monserud 1979) , including, for instance, the simulation of the transition from even-aged forestry, simulated with whole stand models, to multi-objective or closeto-nature forestry, which requires the use of individual tree models. The initialisation of individual tree models may also be needed when raw data are not available from forest inventory. Additionally, diameter distribution simulation is an essential aid to more efficiently plan harvesting operations, which usually represent a high percentage of the costs associated with pulp production. When a probability density function is used as part of a growth and yield model, there arises the need to estimate the parameters of the function for each year during the simulation period. In early work, the parameters were estimated directly as regression functions of stand characteristics (e.g. age, site quality and stand density). Due to the relationships among parameters and to some inconsistency in the relationships of the parameters with stand characteristics, it was apparent that improvements were needed. Therefore, (Hyink and Moser 1983) presented a new methodology according to which stand characteristics, such as the quadratic mean diameter and the basal area, are first estimated, and then the parameter estimates are obtained by relating these characteristics with mathematical functions based on the probability density function under consideration. The mathematical functions used by these authors included the distribution moments. These techniques have been referred to as parameter recovery methods. The main advantage of using parameter recovery methods is that the stand variables that are used in the parameter recovery assure compatibility between the characteristics of the stand and those obtained through simulation. Additionally, this method usually yields a better prediction of stand volume than methods previously used (Hafley and Schreuder 1977; Reynolds et al. 1988) .
Eucalyptus globulus Labill. is one of the most important economic forest species in Portugal, occupying an area of 875,000 ha of a total forest area of 3,346,000 ha (Tomé et al. 2007) . It is a fast-growing species that is mainly used commercially by the pulp industry. The trees are planted at final density, as thinning and pruning practices are unusual in first-rotation stands. The stands are intensively managed in a short-rotation coppice system in which the first cycle is from singlestem planted seedlings and is followed by two or three coppiced stands with an average cutting cycle of 10-12 years.
The objective of the research reported here was to model the diameter distribution of first-rotation eucalyptus plantations in Portugal to complement an existing whole stand model, namely the GLOBULUS model presented in (Tomé et al. 2001) . To achieve this objective, the following steps were needed:
1. Select a probability density function appropriate to model the diameter distribution of first-rotation eucalyptus plantations. Accordingly, at the start of the research and based on previous research (Furtado 2006), we tested the hypothesis that the empirical diameter distributions followed a Johnson's S B distribution. 2. Test and implement an algorithm for the estimation of the parameters of the selected probability density function through the parameter recovery method. This method, not requiring the availability of a sample of diameters, is appropriate to estimate the probability density function parameters from stand variables. The algorithm proposed by Parresol (2003) was selected as a starting point for the parameter recovery. 3. Design a methodology to estimate the stand variables required for the parameter recovery method so that the diameter distribution can be simulated when only stand variables are available. 4. Evaluate the model developed.
Methods

Data
Permanent plots installed in 1970 and measured at 1-year interval were used to model diameter distributions of eucalyptus (E. globulus Labill.) plantations in Portugal. Therefore, the information concerning all trees (i.e. with no diameter threshold) includes successive measurements, usually annually, of the diameter at breast height (d).
The data used to evaluate the model developed in this study were selected from the forest inventory of the Silvicaima Pulp and Paper Company. In this data set, trees with a diameter at breast height smaller than 5 cm were not measured, but they were counted. The analysis of the coefficients of skewness ( √ β 1 ) and kurtosis (β 2 ) allows the selection of the distribution followed by a certain population without the need to estimate any parameters. Figure 1 shows the location of the Weibull, normal, log-normal and various types of Johnson's distributions in the plane (β 1 , β 2 ). Other studies have based the selection of a distribution on goodness of fit tests (Cao 2004; Zhang et al. 2003) . The selection of the probability density function by this procedure may be dependent on the methodology used to estimate the parameters, not allowing the selection of the best density function which depends only on the data.
To first identify the distribution that better reproduced the set of observed frequencies, the estimates of the coefficients of skewness ( √ β 1 ) and kurtosis (β 2 ) in each plot were first analysed. Below are the estimators used for skewness and kurtosis, respectively:
The choice of the Johnson's S B distribution as the null hypothesis for modelling the diameter distributions of eucalyptus was based on its flexibility to model distributions with different shapes. It has a broader range over the (β 1 , β 2 ) space than other distributions and includes most of the alternative probability density functions (Johnson 1949; Johnson and Kotz 1970) .
Since Hafley and Schreuder (1977) introduced the four-parameter Johnson's S B distribution into the forest literature, this probability density function has been ≤12 500-1,000 2 2 1,000-1,500 1 3 11 15 1,500-2,000 2,000-2,500 2 6 8 2,500-3,000 12-16 500-1,000 1 1 (2) 3 (14) 4 (5) 9 (21) 1,000-1,500 6 34 43 (4) 24 (3) 107 (7) 1,500-2,000 1 3 7 (2) 6 17 (2) 2,000-2,500 3 3 (1) 6 (1) 2,500-3,000 16-20 500-1,000 5 4 (3) 12 (24) 5 (36) 26 (63) (8) 22 (1) 71 (10) 1,500-2,000 5 6 (4) 7 (3) 18 (7) 2,000-2,500 4 10 14 2,500-3,000 1 10 11 >28 500-1,000 1,000-1,500 1 3 7 11 1,500-2,000 3 1 4 2,000-2,500 2,500-3,000 1,040 (324) (Hahn and Shapiro 1967) widely used in forest diameter (and height) distribution modelling by several authors (Hafley and Buford 1985; Fonseca 2004; Fonseca et al. 2009; Kamziah et al. 1999; Li et al. 2002; Parresol 2003; Rennolls and Wang 2005; Zhang et al. 2003; Zhou and McTague 1996) . Furtado (2006) compared several probability density functions to model eucalyptus diameter distribution, including the Weibull, log-normal, gama, beta and Johnson's system and concluded that the Johnson's S B distribution fits well to the distribution of diameters in eucalyptus populations in Portugal. To confirm the performance of the Johnson's S B distribution in modelling the diameter distributions of eucalyptus plantations in Portugal, the b 1 and b 2 estimates were computed for each measurement on the fitting data set and plotted over the plane (β 1 , β 2 ) to check if the pairs (b 1 , b 2 ) occurred mainly in the area that corresponds to this distribution.
The Johnson system of probability density functions
The Johnson system corresponds to the distribution of a random variable (X) in which a particular transformation is applied to obtain a normal distribution. This system is composed of three kinds of distributions (i.e. the Johnson's S L , S B and S U ) that depend on the transformation applied to the random variable (Johnson 1949) . When the transformation Z = γ + δg(X) is applied to the random variable (X), an infinite system of distribution functions (or random variables) is defined according to the transformation g(X), which is necessary to obtain a transformation with standard normal distribution. Johnson (1949) introduced four parameters, namely γ, δ, and λ, with γ, ∈ R, λ ∈ R + , δ ∈ R/ {0} and expressed the generic transformation defined above in the following way:
where γ and δ are shape parameters and and λ are location and scale parameters, respectively. Although parameters γ and δ affect both the skewness and the kurtosis of the distribution, parameter γ is particularly associated with asymmetry, and an increase in parameter δ corresponds to an increase in the kurtosis (Johnson 1949) .
To generate distributions with limited domain, the following transformation was chosen:
In terms of Y = X − λ , this results in:
The system of random variables generated by Eqs. 2.3 and 2.4 is called the Johnson's S B system of distributions.
Estimating the parameters of the Johnson's S B distribution from stand variables
The parameters of the Johnson's S B distribution were recovered using a methodology similar to the one proposed by Parresol (2003) .
If Eq. 2.4 is expressed in terms of Y, the following expression is obtained:
When Z assumes the null value, the median of the variable Y is obtained:
Note that the medians of Y and X are related because y 1/2 = x 1/2 − λ . Note also that Eq. 2.6 enables the estimation of the shape parameter, γ , according to the median value of the diameter distribution, provided that the shape parameter δ is known:
However, another equation is needed to estimate the shape parameter δ. In the growth of trees, competition between trees affects growth in tree diameter. Thus, a variable of great importance in the elaboration of stand models using diameter distribution simulation is the stand basal area (G). This variable is related to the second moment not centred E X 2 on the distribution:
where N is number of trees per hectare and d i is diameter at breast height (centimetres) of tree i and c = π 40,000 is a conversion constant. As
The non-centered moments of order r (E(Y r )) may be determined through the moment-generating function ϕ of the variable Y:
2 /2 dz which shows the following relationship:
By assuming some reasonable values for and λ, the solution of the system comprised of Eqs. 2.7 and 2.10 and based on known values of y 1/2 , G and N allows for the estimation of parameters γ and δ. The solution requires the use of iterative methods for numerical integration, as the calculation of the moments of the distribution does not yield an analytical solution.
This algorithm was implemented using Visual Basic under the sIMfLOR interface that can be easily added to existing growth and yield models (Marto et al. 2009 ).
As in any iterative process, it is necessary to assign initial values to the parameters. Parresol (2003) suggests using the initial value for δ to estimate an initial value for γ according to Eq. 2.7. Parameter δ was initialised with the estimate obtained for the kurtosis because an increase in δ corresponds to an increase in kurtosis (Johnson 1949) . Parameter was set equal to the minimum value of the observed diameter, and λ was initialised using the difference between the maximum and minimum value of the observed diameters. The values for G and N were obtained from measurements in the study plots.
To complement the methodology used, based on the analysis of coefficients ( √ β 1 , β 2 ) for a first identification of the distribution to be used, the goodnessof-fit Kolmogorov-Smirnov test was also used in order to test the hypothesis that the Johnson's S B distribution fitted to the diameter distributions on individual plots (Law and Kelton 1982; Massey 1951; Reynolds et al. 1988) . We used the modified Kolmogorov-Smirnov test because the parameters were unknown and estimated from the data (Lilliefors 1967) . The chi-squared test was not used because of dependency resulting from the grouping of data in classes.
Modelling the diameter distributions of eucalyptus
The estimation of the stand variables required to f it the distribution
Modelling of the diameter distributions of eucalyptus was based on the development of a system of equations that complement the output of an existing whole stand growth model (GLOBULUS, Tomé et al. 2001) by estimating the stand variables required to fit the distribution, including the average (d), median (d 1/2 ), minimum (d min ) and maximum diameter (d max ) of the diameter distribution. Other stand variables used in the system of equations were taken from the output of the GLOBULUS model (Tomé et al. 2001) , including the site index (S), dominant height (h dom ), stand density (N) and basal area (G). 
The quadratic mean diameter in centimetres was obtained from the relationship
In each of the four models developed, the independent variables that explained the greatest proportion of the variability of the dependent variable were selected. For the mean diameter, the model was formulated such that
In this way, the propertiesd < d g andd > 0 were guaranteed. The proportion of the quadratic mean diameter (proportion of d g ) was modelled using the function 1/(1 + exp( f )), where f is a function of stand variables:
The median diameter (d 1/2 ) was modelled as a multiple allometric relationship between the stand characteristics. The minimum diameter (d min ) was formulated in a way similar to the mean diameter while ensuring that d min < min(d, d 1/2 ) and d min > 0:
where g is a function of stand variables.
Finally, (d max ) was simulated through a multiple allometric relationship. One of the variables used in this simulation was the variance of the diameters (vard), which was calculated from the relationship V(X) = E(X 2 ) − E 2 (X) so that:
As a starting point, the models were individually fitted to select the variables to be included as regressors in each of the models. The homoscedasticity was analysed using the plot of studentised residuals versus predicted values, while the normality of model errors was inspected using a normal probability plot. A weight regression and/or the Huber function for robust regression was used when heteroscedasticity or nonnormality of the errors was present, respectively (Myers 1990) .
The selection of the regressors was based on their predictive abilities evaluated using the PRESS residuals (Myers 1990 ). Bias was evaluated using the average press residual, and precision was estimated by the absolute value of the residuals as well as by the 5th and 95th percentiles. Modelling efficiency (or the percentage of variance explained by the model) was also computed with the PRESS residuals.
With the exception of G, N and h dom , which were taken from an existing model (GLOBULUS, Tomé et al. 2001 ), the equations selected for each of the variables in the diameter distribution model were simultaneously fit to minimise the determinant of the covariance matrix of errors. A simultaneous fit was needed because in this set of functions, the independent variables appear in more than one function, and dependent variables of some functions appear as independent variables in other functions. This adjustment was made using the three-stage method of least squares (threestage least squares) (Gallant 1987, pp 427-443) . The PROC MODEL-Statement from (SAS 2005) was used. During the simultaneous fitting, each of the component equations was weighted as in the individual fitting, and the weights calculated with the Huber function were included (Myers 1990) . (Tomé et al. 2001 ) n = f rotation, climatic region n, ng1, ng2, A h and A g are parameters dependent on the climatic region (see Tomé et al. 2001 )
Validation of the recovered model
The system of equations developed above was used to predict the average, median, minimum and maximum diameters for each measurement in each of the plots available for validation. The respective diameter distribution was then recovered using the procedure described above. Based on the study of the capacity of the Johnson's S B to simulate the distribution of eucalyptus diameters, the values for the kurtosis were approximately equal to 2. Thus, an initial value of 2 was always used. An important question in validating a model is not whether the model is correct but rather how close predictions from the model are to what is observed in empirical forest stands. Goodness-of-fit tests were not used to validate the model because these tests are not designed to address issues regarding the error associated with estimates and predictions from this type of model. Our main objective after modelling the diameter distributions of a stand was to evaluate the size of the error that may result for the difference between predicted total volume and observed total volume. To achieve this objective, we used an error index as an overall measure of model performance by putting all diameters into one class (Reynolds et al. 1988) . The statistical methods used to measure model performance included the t test and the linear regression between observed and estimated volume. In summary, two types of tests were conducted using the data available for validation:
1. A paired sample t test was used to assess if the volume estimated for each plot in each age using the simulated diameter distribution was significantly different from the corresponding observed volume (Reynolds et al. 1988 ). 2. Observed volumes (V) were also plotted against the corresponding estimated values ( V), and a simple linear regression model V = a + b V + was fitted to the data, where a + b V is the deterministic component of the model and is the associated stochastic error. 
The fit of the Johnson's S B distribution to observed diameter distributions
The ranges for the coefficients ( √ b 1 , b 2 ) estimated with the data set described in Table 1 were −1.3977 ≤ √ b 1 ≤ 1.0805 and 1.8112 ≤ b 2 ≤ 6.8685, which indicates the existence of a huge variety of empirical diameter distributions for eucalyptus plantations. This supports the choice of a very flexible distribution. Figure 1 illustrates the location of the pairs (b 1 , b 2 ) ; it can be seen that most of the values observed for the plots under study are included in the Johnson's S B region. This supports the hypothesis presented in the introduction.
It was also verified that in the great majority of the plots, the coefficients of skewness assumed negative values. In the growth of trees, competition between trees affects growth in tree diameter; this fact explains the negative values for the coefficients of skewness. In other words, the trees that had a small initial growth in diameter (d) continued to have low growth rates, and the differences between small and large trees tended to increase (Perry 1985; Soares and Tomé 1996) . The modified Kolmogorov-Smirnov test showed that the Fig. 3 Comparison of real and estimated diameter distribution from a plot in first rotation at ages (years) 5. 2, 9.7, 14.8, 19.7, 24.7 and 30.6 (dark real values) Johnson's S B distribution did not significantly differ from the empirical distribution in 106 out of 111 studied stands in which each had several measurements for tree stands aged 5 to 32 years. Table 2 summarises the statistics used to characterise the predictive capacity of individual models. Table 3 shows the final models in which parameters were simultaneously fitted to estimate the stand attributes such that stand attributes were used to recover the diameter distribution. With the exception of d min , all models had a very high modelling efficiency and a well predictive ability with bias less than 2 mm and precision between 2 and 15 mm. The relatively low modelling efficiency of d min was mainly due to the small total variability of this variable, which therefore does not indicate low predictive power. The final system (see Table 3 ) includes equations that are all consistent with well-established biological principles.
Models needed for parameter recovery
The prediction of stand variables
Johnson S B parameter estimation and validation
The models shown in Table 3 were used to recover the Johnson's S B parameters. Parameter δ was always initialised with a value equal to 2. Figure 2 shows that the volume observed in each plot for each age is very close to the volume estimated using the diameter distribution. The paired sample t test showed that there were no significant differences between observed and estimated volumes at the 5% significance level. Based on the results from the adjusted regression, the coefficient b did not differ from 1 at the 5% significance level, thus indicating a well agreement between the observed and predicted volumes.
As an example, Fig. 3 shows the evolution of the observed and simulated diameter distribution from 5.2 to 30.6 years of age in one of the permanent plots from the fitting data set when the initialisation was made with the measurement made at 5.2 years of age. As can be seen, the agreement is very good, even for ages far away from the initial one. The results in other long-term series plots were similar.
Discussion
The objective of the research described here was to model diameter distributions of E. globulus plantations in Portugal and to develop a methodology to model the diameter distributions from stand characteristics that can be obtained from an existing growth model and/or from other prediction functions. As with several other species (Hafley and Buford 1985; Fonseca 2004; Kamziah et al. 1999; Li et al. 2002; Parresol 2003; Zhang et al. 2003; Zhou and McTague 1996) , the Johnson's S B probability density function, which is very flexible in terms of the forms that it can take, performed very well.
A preliminary study on the distribution of diameters in eucalyptus populations in Portugal concluded that in general, the Johnson's S B distribution adequately approximates stands in which the site index is above a given level of productivity, namely 12 m at age 10, which characterises the large majority of industrial plantations in the country (Furtado 2006) . These previous findings are strengthened by the present research, which has drawn on a very large data set covering stands with different characteristics (see Table 1 ).
As can be seen in Fig. 1 , the distribution of the pairs (b 1 , b 2 ) covers a large area in the plane of (β 1 , β 2 ), which underscores the need for a flexible probability density function. Figure 1 also shows that alternative functions used by other authors, such as the Weibull functions (Páscoa 1987; Palahi et al. 2007 ), would not have been able to model such large variation. Importantly, the present research suggests that a study of the distribution of the pairs (b 1 , b 2 ) in the plane (β 1 , β 2 ) must be undertaken before selecting candidate probability distributions functions for modelling the diameter distributions of forest populations. Palahi et al. (2007) compared the performance of different probability functions as diameter distributions of forest stands in Catalonia, and they found that the truncated Weibull function appeared to be most accurate and consistent for characterising the distribution of stand basal areas, performing even better than the Johnson's S B distribution. According to Fig. 1 , this result would not be expected. Although the Weibull distribution is easy to adjust, it is less flexible than the Johnson's S B . In fact, it is represented in the (β 1 , β 2 ) plane by a line corresponding to a sub-space of the area covered by the Johnson's S B distribution (see Fig. 1 ). Accordingly, the Johnson's S B would be expected to perform better. However, the methodology utilised by these authors had some limitations because the sampling method was not specifically designed to develop models and estimate diameter distributions. Small trees (<7.5 cm) were not measured, and in addition, most of the plots had too few trees to characterise the diameter distribution of the whole stand. These limitations could account for this unexpected result. In the present work, after based on the range of values in ( √ b 1 , b 2 ) and the Kolmogorov-Smirnov modified test, we determined that the Johnson's S B distribution was the most appropriate probability density function to model the distribution of tree diameters in eucalyptus plantations, and the results of the present research support this decision.
Once the Johnson's S B distribution was selected, an algorithm was implemented to recover its parameters from the predicted values of stand variables using a Visual Basic program (Marto et al. 2009 ). The method closely followed the algorithm proposed by Parresol (2003) . To implement the proposed algorithm, the following stand variables must be predicted, namely basal area, dominant height, number of trees per hectare, average diameter, median diameter, minimum diameter and maximum diameter. The first three variables could be obtained from an existing whole stand model, that is, the GLOBULUS model (Tomé et al. 2001) ; the last four variables can be predicted using the system of equations developed in this work (Table 3 ). The equations were designed by taking into account the relationships between stand variables to obtain estimates that were in line with well-established biological principles. Parresol (2003) also imposed restrictions on stand equations to ensure that the parameters made biological sense. In fact, when modelling d, this author used the logarithm of d g − d as the dependent variable to account for the fact that the average diameter should be lower than the quadratic mean diameter. The approach used in the present work is preferable because the average diameter is directly used as the dependent variable without the need for any transformation, which therefore leads to better predictions. Additionally, the average diameter was lower than the quadratic mean diameter.
The main advantage of using a parameter recovery model is that with the stand variables in parameter recovery, compatibility between the characteristics of the observed population and those obtained through the theoretical distribution is assured. Fonseca et al. (2009) uses the parameter recovery method to recover all four parameters of Johnson's S B distribution; however, the method developed by these authors requires stand variables for future applications that are not easy to model, and the achieved improvement is not substantial. Rennolls and Wang (2005) presented a new parameterisation of the Johnson's S B distribution using maximum likelihood estimation. However, it requires data on diameters to fit the distribution and, consequently, cannot be used in growth and yield models, which is the objective of this research.
Conclusions
In conclusion, this study aimed at developing a model to simulate diameter distributions for eucalyptus plantations in Portugal revealed the following:
• The Johnson's S B distribution is appropriate to simulate diameter distributions of Eucalyptus plantations in Portugal.
• The parameter recovery method, assuring compatibility between the stand characteristics stand density and basal area and the same stand characteristics estimated through the Johnson's S B distribution, originates volume estimations close to the volumes estimated from the observed individual trees (the best possible estimate).
• The system of equations provided in this research includes new regression models for average, median, minimum and maximum diameter distribution that were build in a way to obtain estimates that observed logical relationships according to biological principles.
• The system of equations provided in this paper are an important added value to the GLOBULUS model and allow the model to yield better information for the computation of wood assortments and for planning harvesting operations.
In this paper, methods were presented to select a probability density function, and a model was developed to simulate the diameter distribution when only stand variables are available. These methods are general and can be used for other species and regions, provided that the system of equations presented in Table 3 is refit with appropriate data.
